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In this work, we study the effects of different magnetic field configurations in neutron
stars described by a many-body forces formalism (MBF model). The MBF model is a
relativistic mean field formalism that takes into account many-body forces by means of a
meson field dependence of the nuclear interaction coupling constants. We choose the best
parametrization of the model that reproduces nuclear matter properties at saturation
and also describes massive neutron stars. We assume matter to be in beta-equilibrium,
charge neutral and at zero temperature. Magnetic fields are taken into account both in
the equation of state and in the structure of the stars by the self-consistent solution of
the Einstein-Maxwell equations. We assume a poloidal magnetic field distribution and
calculate its effects on neutron stars, showing its influence on the gravitational mass and
deformation of the stars.
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Introduction
Magnetars (neutron stars powered by their magnetic energy reservoirs) appear in
nature in the form of Soft Gamma Repeaters (SGRs) and Anomalous X-ray Pulsars
(AXPs). Such objects possess surface magnetic fields up to around B ∼ 1015G, and
are usually associated to neutron stars. Their unique environment of extreme densi-
ties and magnetic field strengths allow for the study of nuclear matter in conditions
that cannot be accessed in laboratories on Earth.
The magnetic fields in the center of magnetars are the most intense in the uni-
verse and, according to the Virial theorem, can reach up to B ∼ 1018−1020G 1,2,3.
Magnetic effects were studied in the past in the equation of state (EoS), through
Landau quantization of the particles energy levels, in different nuclear models in or-
der to describe hyperon stars 4,5,6,7,8,9,10,11, quark stars 12,13,14,15,16,17,18 and
hybrid stars 19,20.
Furthermore, deformation effects must be taken into account in the modeling
of such objects, as Landau quantization effects on the EoS together with the pure
magnetic field contribution gives rise to a pressure anisotropy 12. In order to cal-
culate the macroscopic structure of highly magnetized neutron stars, one has to
solve the Einstein-Maxwell coupled equations using a non spherical metric. Such a
formalism was implemented in the past by Bonazzola et al. among others 21,22,2
and only recently applied to self-consistently include magnetic effects both in the
EoS and structure of quark 23 and hybrid stars 24.
In this work, we model magnetic neutrons stars taking into account magnetic
effects both in the EoS and general relativistic structure of such objects. The impact
of different magnetic field configurations on global properties of magnetic neutron
stars is investigated for a parametrization of the many-body forces model (MBF).
First we show that the inclusion of magnetic field effects on the equation of state
does not change significantly the global properties of such objects. Then the mass
radius diagram is calculated for different magnetic configurations and the effects on
the global properties and deformation are discussed for 2.2M⊙ baryon mass stars.
1. Many-body forces Model
The lagrangian density of the MBF model including magnetic field effects reads 25:
L =
∑
b
ψb
[
γµ
(
i∂
µ
− gωbω
µ
− gφbφ
µ
− g̺bI3b̺
µ
3
)
−m
∗
bζ+qe,bAµ
]
ψb
+
(
1
2
∂µσ∂
µ
σ −m
2
σσ
2
)
+
1
2
(
−
1
2
ωµνω
µν +m2ωωµω
µ
)
+
1
2
(
−
1
2
̺µν .̺
µν +m2̺̺µ.̺
µ
)
+
(
1
2
∂µδ.∂
µ
δ −m
2
δδ
2
)
+
∑
l
ψlγµ
(
i∂
µ
−ml
)
ψl +
∑
l
ψlqe,lA
µ
ψl,
(1)
where the indices b and l denote the degrees of freedom of the baryons (p+, n)
and leptons (e−, µ−), respectively. The first and last lines represents the Dirac
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lagrangian for baryons and leptons, respectively, while the last term describes the
electromagnetic interaction by the Aµ field. The second line presents the lagrangian
densities of the scalar-isoscalar σ field and the vector-isoscalar ω field, responsible
for the description of the attractive and repulsive features of nuclear interaction.
The isovector fields δ (scalar) and ̺ (vector) are introduced in the third line, and
allow for the description of isospin asymmetry present in neutron stars.
The meson-baryon coupling appears in the first line for the vector mesons (gωb,
g̺b and the scalar couplings are introduced in the baryon effective masses (m
∗
ζb):
m∗b = mb − (g
∗
σbσ + g
∗
δbI3bδ3) , (2)
The many-body forces contributions are introduced in the effective couplings of the
scalar mesons as:
g∗σb =
(
1 +
gσbσ + gδbI3bδ3
ζmb
)−ζ
gσb, g
∗
δb =
(
1 +
gσbσ + gδbI3bδ3
ζmb
)−ζ
gδb. (3)
The nonlinear contributions that arise from the scalar couplings expansion around
the parameter ζ can be interpreted as higher order corrections due to the meson-
meson interactions. Note that such couplings are no longer constant, depending
indirectly on the density through their scalar fields contributions.
In this work, we fix ζ = 0.040 and use the constraints: binding energy per nucleon
B/A = −15.75MeV, saturation density ρ0 = 0.15 fm
−3, symmetry energy J0 =
32MeV and slope of the symmetry energy L0 = 97MeV. This set of parameters
reproduces an effective mass of the nucleon m∗n = 0.66mn and a compressibility
K0 = 297 (MeV) at nuclear saturation, for the couplings: (gσN/mσ)
2 = 14.51 fm2,
(gωN/mω)
2 = 8.74 fm2, (g̺N/m̺)
2 = 4.466 fm2 and (gδN/mδ)
2 = 0.383 fm2 .
The electromagnetic interaction among charged particles gives rise to a Landau
quantization of their energy levels 26,5,6,10:
eF =
√
(mi)
2 + k2z + 2|q|Bν, (4)
being mi = m
∗
i in the case of baryons and the Landau quantum number ν is given
in terms of the orbital and spin quantum numbers as:
ν ≡ l +
1
2
−
s
2
q
|q|
. (5)
The Landau number ranges from zero to a maximum value which avoids the particles
Fermi momenta to become imaginary at zero temperature (see more details in Ref.
27).
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2. The structure of magnetic stars
Assuming a stationary, axi-symmetric spacetime and the Maximum-Slice-Quasi-
Isotropic coordinates (MSQI), the line element in the 3+1 decomposition of space-
time is:
ds2 = −N2dt2 +A2(dr2 + r2dθ2) +B2r2 sin2 θ(dφ − ωdt)2, (6)
where N(r, θ), A(r, θ), B(r, θ) and ω(r, θ) are functions only of the coordinates (r, θ).
Introducing such a metric in the Einstein’s field equations, one obtains the fol-
lowing equation system for the metric potentials:
∆2[(NB − 1)r sin θ] = 8πNA
2Br sin θ(Srr + S
θ
θ ), (7)
∆2[lnA+ ν] = 8πA
2Sφφ +
3B2r2 sin2 θ
4N2
∂ω∂ω − ∂ν∂ν, (8)
∆3ν = 4πA
2(E + S) +
B2r2 sin2 θ
2N2
∂ω∂ω − ∂ν∂(ν + lnB), (9)
[
∆3 −
1
r2 sin2 θ
]
(ωr sin θ) = −16π
NA2
B2
pφ
r sin θ
+ r sin θ∂ω∂(ν − 3lnB), (10)
following the notation:
∆2 =
∂2
∂r2
+
1
r
∂
∂r
+
1
r2
∂2
∂θ2
, ν = lnN, (11)
∆3 =
∂2
∂r2
+
2
r
∂
∂r
+
1
r2
∂2
∂θ2
+
1
r2 tan θ
∂
∂θ
, (12)
∂ω∂ω :=
∂ω
∂ω
∂ω
∂r
+
1
r2
∂ω
∂θ
∂ω
∂θ
. (13)
In order to include magnetic field effects on the structure of the stars, we solve the
coupled Einstein-Maxwell field equations system. The energy E, total momentum
density flux Jφ and total stress tensor S are decomposed in perfect fluid (PF) and
electromagnetic (EM) contributions.
We assume a poloidal magnetic field distribution. In this case, the electric and
magnetic field components (measured by the Eulerian observer O0) are written,
respectively, as 22:
Eα =
(
0,
1
N
[
∂At
∂r
+ ω
∂Aφ
∂r
]
,
1
N
[
∂At
∂θ
+ ω
∂Aφ
∂θ
]
, 0
)
, (14)
Bα =
(
0,
1
Br2 sin θ
∂Aφ
∂θ
,−
1
B sin θ
∂Aφ
∂r
, 0
)
, (15)
where At and Aφ are the two non-zero components of the electromagnetic four-
potential Aµ = (At, 0, 0, Aφ).
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The Faraday tensor Fµν makes some of the Maxwell equations automatically sat-
isfied, remaining only the Gauss and Ampere equations to be solved. The Maxwell-
Gauss equation for At reads:
∆3At =− µ0A
2(gttj
t + gtφj
φ)−
B2
N2
ωr2 sin2 θ∂At∂N
φ
−
(
1 +
B2
N2
r2 sin2 θω2
)
∂Aφ∂ω − (∂At + 2ω∂Aφ)∂(lnB − ν)
− 2
ω
r
(
∂Aφ
∂r
+
1
r tan θ
∂Aφ
∂r
)
, (16)
and from the Maxwell-Ampere equation, we have an equation for Aφ:[
∆3 −
1
r2 sin2 θ
](
Aφ
r sin θ
)
= −µ0A
2B2(jφ − ωjt)r sin θ
−
B2
N2
r sin θ∂ω(∂At + ω∂Aφ) +
1
r
∂Aφ∂(lnB − ν). (17)
In this approach, the equation of motion reads:
H (r, θ) + ν (r, θ) +M (r, θ) = const, (18)
where H(r, θ) is the heat function defined in terms of the baryon number density n:
H =
∫ n
0
1
e(n1) + p(n1)
dP
dn
(n1)dn1. (19)
The magnetic potential M(r, θ) is given by:
M (r, θ) = M (Aφ (r, θ)) ≡ −
∫ 0
Aφ(r,θ)
f (x) dx, (20)
with f(x) being the current function, which we choose to be constant in this work.
According to Ref. 22, other choices for f(x) are possible, but they do not change the
general conclusions. Different values of the current function generate different cur-
rents and, consequently, different magnetic fields strenghs distributions throughout
stars. For more details of this formalism, see Refs. 22,23,24 and references therein.
3. Results and Discussion
We use the EoS of the MBF model as an input to calculate the strucuture of the
magnetic stars, following the formalism presented in the last section. Note that such
calculations are self-consistent, as we are taking into account magnetic effects both
on the EoS and on the star structure.
The first important result we obtain is shown in Figure 1, in which the mass-
radius diagram is presented for magnetic nucleonic stars. The color dashed line
shows the results obtained by including magnetic effects both in the EoS and in the
strucuture of the stars. The full red line shows the results obtained by not taking the
Landau quantization effects into account on the EoS (only in the structure of the
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Fig. 1. Mass-radius diagram for the parametrization ζ = 0.040 of the MBF model with a current
function j0 = 3.5×1015A/m2 including and not including magnetic effects on the EoS. The vertical
axis shows the gravitational mass and the horizonal one the equatorial radius.
stars). As one can see, for a fixed value of magnetic moment of the stars, including
magnetic effects on the EoS generates no significant impact on the gravitational
mass and radius of magnetic stars. This indicates that magnetic effects on magnetars
are only significant on the macroscopic scale i.e., on the structure of such stars.
These results agree with the previous ones in the literature for magnetic quark 23
and hybrid stars 24.
Figure 2 shows the mass-equatorial radius diagram for different current function
values. As already mentioned in last section, different choices of the current function
alter the magnetic field strenghs throughout stars. Higher current values allow for
stronger magnetic fields inside stars. The red full curve represents the non magnetic
case, while the dashed lines include non zero values for the current function.
Strong magnetic fields have direct impact on the global properties of stars. Since
the Lorenz force opposes gravity, the extra magnetic energy is responsible for in-
creasing the gravitational mass of the stars, as well as their radius.
Moreover, as a poloidal magnetic field distribution is assumed, stars that endow
stronger magnetic fields become more oblate and, consequently, more deformed.
This effect can be seen in Figure 3, where we show the cross section of several
Mb = 2.2M⊙ stars. The surface and central magnetic fields of these stars are shown
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Fig. 2. Same diagram as Figure 1, but for different current functions.
in Table 1. Our results show that the deformation of magnetic stars with such
profiles are extremely high, reaching req = 1.7 rp for the star with current function
j0 = 3.5× 10
15A/m2.
Several works in the past have included magnetic fields only on the equation of
state of matter inside neutron stars, ignoring the deformation of the stars and solving
the spherical TOV equations. In this work we have applied the MBF model to
describe nucleonic matter inside neutron stars taking magnetic effects into account
both on the EoS and on the structure of the stars. Our results show that, different
from what was concluded in the past, only the magnetic field effects on the structure
of stars are signigicant for the determination of the gravitational mass and radii
(polar and equatorial) of stars. We also emphasize the neglecting the deformation
of stars in the calculations which involve strong magnetic fields (B ∼ 1017G) leads
to considerable error on the determination of these quantities. Finally, we mention
that the increase of the radius of stars due to the extra repulsion frommagnetic fields
decreases the central density of stars, having dramatic impact on the population
of such objects 24. The study of the population of magnetic stars is going to be
investigated in detail within the MBF model in a future work.
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Fig. 3. Cross section profile of several Mb = 2.2M⊙ star for different magnetic field configura-
tions. The vertical and horizontal axes show, respectively, the polar and equatorial radii.
j0 (10
15A/m2) Bs (10
17G) Bc (10
17G)
1.0 1.03 3.48
2.0 1.47 4.66
3.0 2.70 7.03
3.5 3.80 8.09
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